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We use numerical simulations to study the shear-driven steady-state flow of athermal, frictionless,
overdamped, two dimensional cross-shaped particles of varying aspect ratios, and make comparison
with the behavior of rod-shaped and staple-shaped particles. We find that the extent of non-
convexity of the particle shape plays an important role in determining both the value of the jamming
packing fraction as well as the rotational motion and orientational ordering of the particles.
I. INTRODUCTION
Models of athermal (T = 0) particles, interacting
through soft-core repulsive interactions, have been used
to study a wide variety of granular systems, such as dry
granular materials, foams, emulsions, and non-Brownian
suspensions. Most such works have focused on the sim-
plest case of spherical particles. More recently, attention
has been paid to the case of aspherical particles with
lower rotational symmetry, such as rods or ellipsoids [1].
Relatively few works have considered particles with a
non-convex shape [2–4]. In this work we consider the flow
of cross-shaped particles in two dimensions (2D) driven
by steady-state simple shear at a constant strain rate γ˙.
The non-convex shape of the crosses allows for particles
to interlock and create gear-like effects in their interac-
tions. We study the rotational motion of such particles
and their orientational ordering in the shear flow, making
comparison to previous work we have done on non-convex
U-shaped particles (“staples”) [4] and convex elongated
rods [5–7]. We will see that the lack of convexity plays a
significant role in such particle orientational effects.
II. MODEL
The basic building block of our particles is a sphero-
cylinder, which in 2D consists of a rectangle of length L
and width D, capped by semi-circular end caps of diam-
eter D, as shown in Fig. 1a. We define the asyphericity
of the spherocylinder as α = L/D, such that α = 0 is a
pure circle. We refer to the line that bisects the rectangle
parallel to its length as the “spine” of the spherocylin-
der. The shortest distance from the spine to any point
on the surface is always D/2. Staples are made by rigidly
fixing three equal spherocylinders together as shown in
Fig. 1b. Crosses are made by fixing together two orthog-
onal spherocylinders with overlapping centers of mass, as
in Figs. 1c,d. For an isolated spherocylinder, as well as
the three component spherocylinders of a staple, and the
long arm of a cross, we use spherocylinders with fixed
α = 4. For the short arm of the cross we use sphero-
cylinders with different values of L′/D, where the width
D is the same as for the long arm. We define the aspect
ratio of the cross as β = L′/L.
If ia labels spherocylinder component a of particle i,
(a)
(b)
(c)
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L
D
FIG. 1. (a) Spherocylinder in two dimensions with spine of
length L and width D and asphericity α = L/D = 4; (b)
Staple formed by rigidly attaching three spherocylinders to-
gether; (c) and (d) Crosses formed by overlapping sphero-
cylinders: (c) has aspect ratio β = L′/L = 1/4 while (d) has
aspect ratio β = 1.
and jb labels spherocylinder component b of particle j, we
define ria,jb as the shortest distance between the spines of
ia and jb. Particles i and j will overlap if ria,jb < Dij =
(Di + Dj)/2. In that case there is a harmonic repulsion
between the particle with an elastic force [4, 6],
Felia,jb =
ke
Dij
(
1− ria,jb
Dij
)
nˆia,jb (1)
where ke is the soft-core stiffness and nˆia,jb is a unit
normal pointing inward to spherocylinder ia at the point
of contact with jb. For non-convex particles, such as
the crosses, a given pair of particles i and j may have
more than one mutual contact. The total elastic force on
particle i is,
Feli =
∑
a,jb
Felia,jb (2)
where the sum is over all contacts that i makes with
other particles j. These elastic forces also exert a torque
on particle i. The torque about the center of mass ri of
particle i is,
τ eli = zˆ ·
∑
a,jb
sia,jb × Felia,jb (3)
where sia,jb is the moment arm from the center of mass
ri of particle i to the point of contact between sphero-
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2cylinder component a of particle i with spherocylinder
component b of particle j; zˆ is normal to the plane of the
particles.
Shearing inputs energy into the system and so there
must be a mechanism for energy dissipation if a steady-
state is to be reached. Here we will assume that this
dissipation occurs via a drag force with respect to a uni-
formly sheared host medium, thus modeling an emulsion
or non-Brownian suspension [4, 6]. Taking the local ve-
locity of this host medium as a uniform shear flow in the
xˆ direction,
vhost(r) = γ˙yxˆ, (4)
then gives a drag force density
fdisi (r) = −kd[vi(r)− vhost(r)] (5)
where
vi(r) = r˙i + θ˙izˆ× (r− ri) (6)
is the local velocity at position r on the particle i. Here
r˙i is the center of mass velocity of the particle, and θ˙izˆ is
the angular velocity about the center of mass. We mea-
sure the orientation of a particle by the angle θi that is
made between the flow direction xˆ and (i) the spine of an
isolated spherocylinder as in Fig. 1a, (ii) the cross piece
connecting the two prongs of the staple as in Fig. 1b, and
(iii) the long arm of the cross as in Figs. 1c,d.
The total dissipative force on particle i is then,
Fdisi =
∫
i
d2r fdisi (r), (7)
while the total dissipative torque is,
τdisi = zˆ ·
∫
i
d2r (r− ri)× fdisi (r), (8)
where the integrals are over the area of particle i.
Since
∫
i
d2r (r− ri) = 0 by the definition of the center
of mass, and since vhost(r) is linear in r, once can show
that the dissipative force on i reduces to,
Fdisi = −kdAi[r˙i − γ˙yxˆ], (9)
where Ai is the area of particle i. The dissipative torque
on i can be shown to reduce to [4, 6],
τdisi = −kdAiIi[θ˙i + γ˙f(θi)], (10)
where
f(θ) =
1
2
[1− (∆Ii/Ii) cos 2θ]. (11)
Here we have assumed a uniform unit mass density for
the particle, and Ii is the sum of the two eigenvalues of
the moment of inertia tensor of particle i while ∆Ii is
their difference.
We will use an overdamped dynamics (i.e., limit of
small particle mass) for which,
Feli + F
dis
i = 0, τ
el
i + τ
dis
i = 0. (12)
This leads to equations for the translational and rotation
motion of particle i [4, 6],
r˙i = γ˙yixˆ+
Feli
kdAi , (13)
θ˙i = −γ˙f(θi) + τ
el
i
kdIiAi . (14)
The packing fraction φ of our system of N particles is,
φ =
1
L2
N∑
i=1
Ai, (15)
where L is the length of our system box in both xˆ and yˆ
directions.
We simulate an ensemble of N = 512 crosses, monodis-
perse in both size and aspect ratio β, considering the
particular cases β = 0.25, 0.5 and 1. We take D = 1
as the unit of length, ke = 1 as the unit of energy, and
t0 = D
2kd/ke = 1 as the unit of time. We numerically in-
tegrate the equations of motion (13) and (14) using a two-
stage Heun method with a step size of ∆t = 0.02. We im-
plement a uniform simple shear using periodic boundary
conditions in the xˆ direction, and Lees-Edwards bound-
ary conditions [8] in the yˆ direction, with shear strain
γ = γ˙t for constant γ˙t0 = 10
−4, 10−5, and 10−6. Simula-
tions are started from independent initial configurations
at each value of φ and γ˙, with particles placed so as to
exclude the crossing of spines belonging to different par-
ticles, but otherwise with random positions and orienta-
tions. We shear to a total strain γmax ∼ 100− 120, with
an initial strain of γ ∼ 10 discarded from our ensemble
averages so as to reach the steady-state.
III. OBSERVABLES
We are interested in the rotational motion of the par-
ticles, which is driven by the γ˙f(θi) term in Eq. (14). We
thus measure the average angular velocity, scaled by the
strain rate,
〈θ˙i〉/γ˙ =
〈
1
Nγ˙
N∑
i=1
θ˙i
〉
, (16)
where 〈. . . 〉 indicates an average over configurations in
the steady-state.
We are also interested in the orientational ordering of
the particles. For a 2D system the magnitude Sm and
direction θm of the m-fold orientational order parameter
are given by [9],
Sm = max
θm
[〈
1
N
N∑
i=1
cos(m[θi − θm])
〉]
, (17)
3from which one can show [9],
Sm =
√√√√〈 1
N
N∑
i=1
cos(mθi)
〉2
+
〈
1
N
N∑
i=1
sin(mθi)
〉2
(18)
and
tan(mθm) =
〈
1
N
N∑
i=1
sin(mθi)
〉/〈
1
N
N∑
i=1
cos(mθi)
〉
.
(19)
IV. ISOLATED PARTICLES
Note, for an isolated particle, where τ eli = 0, rotational
motion is given simply by the deterministic equation θ˙i =
−γ˙f(θi), with f(θ) as in Eq. (11). The particle will rotate
continuously clockwise, but with a non-uniform angular
velocity that is slowest at θi = 0 or pi where f(θi) is at its
minimum, and fastest at θi = pi/2 or 3pi/2 where f(θi) is
at its maximum. The particle will thus spend more time
oriented at θi = 0, aligned parallel to the flow direction
xˆ.
In this isolated particle limit one finds that the proba-
bility for the particle to be at angle θi ∈ [0, 2pi) is [4],
P(θi) =
√
1− C2
2pi[1− C cos(2θi)] , (20)
where C = ∆Ii/Ii [6]. This gives for the average angular
velocity [4],
− 〈θ˙i〉/γ˙ =
∫ 2pi
0
dθP(θ)f(θ) = 1
2
√
1− C2 < 1/2. (21)
Since P(θ) peaks at θ = 0, one has θ2 = 0 for the ori-
entation of the nematic director, while the magnitude of
the nematic order parameter is given by,
S2 =
∫ 2pi
0
dθP(θ) cos(2θ) = 1−
√
1− C2
C
(22)
For crosses for which the long arm is a spherocylinder
of asphericity α ≥ 1, and for which the aspect ratio β
satisfies 1/α ≤ β ≤ 1, we have,
C =
4α(1− β) + 3piα2(1− β2) + 4α3(1− β3)
3pi − 8 + 12α(1 + β) + 3piα2(1 + β2) + 4α3(1 + β3) .
(23)
In Fig. 2a we plot C = ∆I/I vs β for crosses in which
the asphericity of the long arm is α = 4. In Fig. 2b we
plot −〈θ˙〉/γ˙ and S2 vs ∆I/I for an isolated particle. We
see that as ∆I/I → 0, −〈θ˙〉/γ˙ → 1/2 and S2 → 0, as
expected for a circular particle.
At finite packing φ, particles will come into contact,
τ eli will no longer be zero, and the above isolated particle
behavior will be modified. The goal of this work is to see
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FIG. 2. (a) Relation between C = ∆I/I and cross aspect ratio
β, for crosses in which the asphericity of the long arm is α = 4,
from Eq. (23). (b) Scaled average particle angular velocity
−〈θ˙〉/γ˙ and magnitude of the nematic order parameter S2 vs
∆I/I, for an isolated particle, from Eqs. (21) and (22). In
both panels the solid points indicate the three values of β =
0.25, 0.5 and 1 where we have done numerical simulations.
how the non-convex shape of the crosses influences the
effect of this τ eli .
A particularly interesting case is the cross with as-
pect ratio β = 1, i.e., arms of equal length. In this
case the 4-fold rotational symmetry of the particle re-
sults in ∆Ii = 0, and so such an isolated cross rotates
uniformly with −θ˙/γ˙ = 1/2, and the probability distri-
bution P(θi) = 1/2pi is completely uniform, just like for
a circular particle. There is thus no orientational order-
ing for an isolated cross with β = 1, and in this limit
Sm = 0 for all m. At finite packing φ, any orientational
ordering that is observed is necessarily due to the particle
collisions and the resulting τ eli . In such a case, the rota-
tional symmetry of the cross still necessarily results in a
nematic order parameter S2 = 0, and one must look to
the tetratic S4 for indications of orientational ordering.
V. NUMERICAL RESULTS
A. The Jamming Transition
Before considering the rotational and orientational be-
havior of a finite density of crosses, we first digress to
look at the location of the jamming transition φJ . To
look for the jamming transition we measure the pressure
p which is 1/2 the trace of the stress tensor [4],
P = − 1L2
∑
i
∑
a,jb
sia,jb ⊗ Felia,jb. (24)
Here the second sum is over all contacts with sphero-
cylinder component a of particle i with spherocylinder b
of particle j, and we consider only the elastic forces as
that gives the dominant contribution to the stress at low
γ˙.
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FIG. 3. For crosses with aspect ratios β = 0.25, 0.5 and 1,
(a) ratio of pressure to strain rate p/γ˙ vs φ, and (b) average
number of contacts per particle Z vs φ. In both panels, solid
symbols denote data at γ˙ = 10−6, while open symbols denote
data at γ˙ = 10−5. Dashed vertical lines in (a) denote the
lower bound estimate of φJ , while in (b) they denote the
upper bound estimate of φJ as given by the packing at which
Z = Ziso = 6.
For our overdamped model with a dissipative drag
force, the rheology is Newtonian [4, 6, 10]. At low γ˙
below φJ one has p ∼ γ˙, while above φJ one has [10] a
finite yield stress with p ∼ p0 + cγ˙b. Thus below φJ , p/γ˙
should be independent of γ˙ at sufficiently small γ˙. For
a given pair of strain rates γ˙1 < γ˙2, we thus get a lower
bound on φJ from the largest packing φ at which the
values of p/γ˙1 ≈ p/γ˙2. We denote this lower bound as
φ1. As the values of γ˙1 and γ˙2 decrease, φ1 will increase
towards φJ . In Fig. 3a we plot p/γ˙ vs φ for our smallest
strain rates γ˙ = 10−6 and 10−5, for crosses with aspect
ratio β = 0.25, 0.5 and 1. The resulting lower bounds φ1
on φJ are indicated by the dashed vertical lines in the
figure.
Another method often used to locate φJ is to measure
the average number of contacts per particle Z, and assert
that jamming occurs when this reaches the isostatic value
[11], for which the number of force constraints equals the
number of degrees of freedom. For frictionless particles
this is Ziso = 2df , where df is the number of degrees of
freedom. For 2D particles without rotational symmetry,
df = 3 and so Ziso = 6. However, for non-spherical
particles it has been noted [3, 6, 12–19] that jamming is
often hypostatic, with ZJ < Ziso. We thus expect that
the value of φ at which Z = Ziso gives an upper bound on
φJ . In Fig. 3b we plot Z vs φ for our crosses; the dashed
vertical lines indicate the values of φ where Z = Ziso.
We denote this upper bound by φ2. We will take as our
rough estimate for the jamming transition the average of
this lower and upper bound, φJ ≈ (φ1 + φ2)/2.
We now ask how φJ varies with the particle shape. To
measure the degree of non-convexity of a particle we de-
fine the ratio, A/Aenv, where A is the area of the particle
and Aenv is the area of the particle’s convex envelop. In
Fig. 4 we plot our estimate for φJ vs A/Aenv for the
crosses with β = 0.25, 0.5, and 1. The upper limit of
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FIG. 4. Estimated jamming transition φJ for particles of
different shape vs the ratio of particle area to the area of
the particle’s convex envelope A/Aenv. We show results for
staples, crosses with aspect ratios β = 1, 0.5 and 0.25, and
spherocylinders with asphericity α = 4. The upper limit of
the error bar on each point represents the upper bound φ2
for φJ , determined by the condition Z = Ziso = 6. The lower
limit of the error bars represents the lower bound φ1 for φJ ,
determined as the largest φ for which p/γ˙ is the same for both
γ˙ = 10−6 and 10−5. For all points but the spherocylinder, the
symbol is located at φJ ≈ (φ1 + φ2)/2; for the spherocylin-
der it is at a more precise value of φJ determined by scaling
methods [6]. The dashed line is a linear fit to the data.
the error bars on the data points denotes the value of
φ2, while the lower limit gives φ1. For comparison we
also include our earlier results for a system of N = 1024
monodisperse staples [4] (as in Fig. 1b), and forN = 1024
spherocylinders of asphericity α = 4 [6] (as in Fig. 1a).
For the spherocylinders we use a bidisperse distribution
of particle sizes to prevent spatial ordering, taking equal
numbers of big and small particles with length scales in
the ratio Lb/Ls = 1.4. We find a roughly linear depen-
dence of φJ on A/Aenv.
B. Rotational and Orientational Behavior
We now report the results of our numerical simulations
with N = 512 crosses. In Fig. 5 we show typical configu-
rations sampled during steady-state shear. In Fig. 5a we
show crosses with β = 1/4, as in Fig. 1c, at a packing
φ = 0.8 slightly above jamming (φJ ≈ 0.78), at strain
rate γ˙ = 10−5. For this β the short arm is such that only
the semi-circular end caps protrude beyond the body of
the long arm. In Fig. 5b we show crosses with β = 1 and
so equal arm lengths, as in Fig. 1d, at a packing φ = 0.7
above jamming (φJ ≈ 0.67), at γ˙ = 10−5. By eye one
sees the suggestion of nematic ordering in Fig. 5a with
finite positive angle with respect to the flow direction
xˆ. For the crosses with β = 1 in Fig. 5b, the nematic
ordering is necessarily zero due to the 4-fold rotational
symmetry of the particle, and it is difficult to see whether
there is any tetratic ordering or not. We now quantify
these observations.
In Fig. 6 we plot the average particle rotational veloc-
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FIG. 5. Sample configurations of N = 512 crosses with (a)
aspect ratio β = 0.25 at packing φ = 0.8, and (b) β = 1 at
φ = 0.7; both are at strain rate γ˙ = 10−5. Different colors
are used to distinguish different particles, but have no other
meaning. Animations of these two sheared configurations are
shown as Online Resource 1 and Online Resource 2; we also
show an animation of shearing for β = 0.5 crosses at φ = 0.75
and γ˙ = 10−5 as Online Resource 3.)
ity, scaled by the strain rate, −〈θ˙i〉/γ˙ vs φ for crosses
with aspect ratio β = 0.25, 0.5, and 1. For comparison
we include our earlier results for staples [4] and sphero-
cylinders with α = 4 [5, 7]. In each case, here and in sub-
sequent Figs. 7 and 8, we show results at both a smaller
strain rate γ˙1 and a larger rate γ˙2 to illustrate that our
strain rates are sufficiently small to be in the quasi-static
limit, except possibly at the very densest packings. The
values of γ˙1 and γ˙2 are listed in Table I. In Fig. 6, arrows
denote the approximate location of the jamming transi-
tion φJ for each particle shape. It is interesting that there
is no clear signature of the location of φJ from −〈θ˙i〉/γ˙
and that in all cases −〈θ˙i〉/γ˙ remains finite even in the
dense configurations above jamming.
TABLE I. Strain rate values used for data in Figs. 6, 7 and 8
shape γ˙1 γ˙2
crosses 10−6 10−5
spherocylinders and staples 10−5 10−4
For the convex spherocylinders we see that −〈θ˙i〉/γ˙
rapidly decreases as φ increases, reaches a minimum, and
then increases again as one approaches φJ . We have ob-
served similar behavior for spherocylinders of other as-
phericities α. The least non-convex of our non-convex
particles, the cross with β = 0.25, behaves qualitatively
similar with an initial strong decrease, but then contin-
ues to monotonically decrease as φ goes above φJ . The
other non-convex particles, however, have an initial in-
crease as φ increases. The staple reaches a plateau and
then continues to increase, while the crosses with β = 0.5
and 1 increase to a maximum and then decrease to values
comparable to that of an isolated particle as φ goes above
φJ . This increase can be thought of as a gear-like effect
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FIG. 6. Scaled average angular velocity −〈θ˙i〉/γ˙ vs packing
φ for crosses with aspect ratio β = 0.25, 0.5 and 1, com-
pared to spherocylinders of asphericity α = 4 and staples.
For each case results are shown at a smaller strain rate γ˙1
(open symbols and dashed lines) and a larger strain rate γ˙2
(solid symbols and solid lines); see Table I for values. The
data points at φ = 0 are from Eq. (21) for isolated particles.
The horizontal dashed line indicates the value −〈θ˙i〉/γ˙ = 1/2
for an isolated particle with 4-fold rotational symmetry. Ar-
rows give the approximate location of the jamming transition
for each type of particle.
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FIG. 7. Magnitude of the orientational order parameter vs
packing φ for crosses with aspect ratio β = 0.25, 0.5 and 1,
compared to spherocylinders of asphericity α = 4 and staples.
We show the nematic order parameter S2 for all particles ex-
cept the crosses with β = 1, for which we show the tetratic
order parameter S4. For each case results are shown at a
smaller strain rate γ˙1 (open symbols and dashed lines) and a
larger strain rate γ˙2 (solid symbols and solid lines). The data
points at φ = 0 are from Eq. (22) for isolated particles. Ar-
rows give the approximate location of the jamming transition
for each type of particle.
in which the interlocking of particles gives rise to torques
that cause the particle to rotate faster than would an
isolated particle. In particular, the β = 1 cross rotates
faster than the value of 1/2 that represents the rotation
of the affinely sheared host medium.
Next we consider the magnitude of the orientation or-
dering. In Fig. 7 we plot of the nematic order parameter
S2 vs φ for all particle shapes, except for the β = 1 crosses
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FIG. 8. Direction of the orientational order parameter vs
packing φ for crosses with aspect ratio β = 0.25, 0.5 and 1,
compared to spherocylinders of asphericity α = 4 and staples.
We show the nematic director orientation θ2 for all particles
except the crosses with β = 1, for which we show the tetratic
orientation θ4. For each case results are shown at a smaller
strain rate γ˙1 (open symbols and dashed lines) and a larger
strain rate γ˙2 (solid symbols and solid lines). Arrows give the
approximate location of the jamming transition for each type
of particle.
where S2 = 0 and so we show the tetratic S4. In general
we see that S2 is roughly anti-correlated with −〈θ˙i〉/γ˙;
when the latter is decreasing, S2 is increasing, and vice
versa. Also, the shapes for which −〈θ˙i〉/γ˙ is smallest tend
to have the largest S2. Thus the slower the particles are
rotating, the greater is the orientational ordering. The
only exception to this is the β = 1 cross, where for the
most part S4 increases when −〈θ˙i〉/γ˙ increases, and vice
versa. Orientational ordering is smallest for the β = 1
cross, which in isolation (i.e., at φ = 0) shows no orien-
tational ordering in the shear flow.
Finally, in Fig. 8 we consider the direction of the ori-
entational ordering, plotting the angle of the nematic
director θ2 vs φ for all particle shapes, except for the
β = 1 cross where we show the tetratic θ4. As has been
well noted previously for spherocylinders and rod-shaped
particles [20–28], at finite density the particles orient at a
finite positive angle θ2 > 0 with respect to the flow direc-
tion xˆ, and this angle generally increases as the packing
φ increases. An interesting observation pertains to the
β = 1 cross. All particles for which ∆Ii 6= 0 orient with
θ2 = 0 in the isolated particle limit, and this seems to
be consistent with the φ → 0 behavior at finite packing
shown in Fig. 8. However for the β = 1 cross, which has
∆Ii = 0, the isolated particle has a completely uniform
orientation distribution P(θi) = 1/2pi, so Sm = 0 for all
m, and so θm in this isolated particle limit is undefined.
It is interesting, therefore, that we find in Fig. 8 that θ4
is finite and moreover appears to be approaching a finite,
non-zero, value as φ→ 0.
C. Short Distance Correlations
To try to understand the above results concerning rota-
tions and ordering, it is interesting to consider the corre-
lations between neighboring particles in mutual contact,
to see what is the geometry of local particle clusters.
Consider a given particle i, and construct a local coordi-
nate system (x˜, y˜) with origin at the center of mass ri,
and the x˜ axis along the direction of the long arm. If
rj − ri is the displacement from the center of mass of
particle i to that of contacting particle j, we define the
coordinates (x˜, y˜) = (rj − ri)/[(Di +Dj)/2] in this local
coordinate system. Note, for our monodisperse crosses,
in which all particles have the same D, the denomina-
tor in this expression is just unity; but for our bidisperse
spherocylinders the denominator rescales distances be-
tween different size particles to a common length. We
then define g˜(x˜, y˜) as the probability density to find a
contacting neighbor at (x˜, y˜). Similarly we define the ori-
entational correlation G˜m(x˜, y˜) = 〈cos(m[θj − θi])〉, for
particle j at position (x˜, y˜) with respect to i.
Averaging over particles within a given configuration,
and over configurations in our shearing ensemble, in
Fig. 9 we show intensity plots of g˜(x˜, y˜) and G˜2(x˜, y˜)
at packings φ ≈ φJ for spherocylinders of asphericity
α = 4, and crosses of aspect ratio β = 0.25 and 0.5;
for crosses of aspect ration β = 1 we show g˜(x˜, y˜) and
G˜4(x˜, y˜). For g˜(x˜, y˜) we use a logarithmic intensity scale
to better highlight features. For G˜2(x˜, y˜), dark blue de-
notes parallel oriented particles while dark red denotes
perpendicular particles; white denotes particles with rel-
ative orientation of pi/4. For G˜4(x˜, y˜), dark blue denotes
parallel or perpendicular particles, dark red denotes par-
ticles with relative orientation of pi/4, and white denotes
a relative orientation of pi/8.
For the spherocylinders, g˜(x˜, y˜) and G˜2(x˜, y˜) show that
the closest neighboring particles generally tend to be par-
allel, and that particles contacting along their mutual
long flat sides at y˜ ≈ 1 tend have their point of contact
smoothly distributed along the length of the flat side,
with a slight peak in probability in the middle [6]. In
contrast, for the crosses with β = 0.25, the closest neigh-
boring particles again tend to lie parallel, but the proba-
bility for particles making contact along the flat sides of
their long arm at y˜ ≈ 1 have g˜(x˜, y˜) = 0 for −3 < x˜ < 3,
since the long arm of one cross must butt up against
the short arm of the other cross. Particles contacting at
y˜ ≈ 1.5 have parallel long arms but the contacts tend to
be between the long arm of one and the short arm of the
other.
These observations may offer an explanation for our
earlier result in Fig. 6 that −〈θ˙i〉/γ˙ in the dense region
near, and going above, φJ behaves differently for sphero-
cylinders than for crosses β = 0.25; while the former case
shows an angular velocity that increases as φ increases,
the latter case shows an angular velocity that monotoni-
cally decreases towards zero. For the spherocylinders, the
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FIG. 9. Intensity plots of spatial correlations g˜(x˜, y˜) (left col-
umn, on logarithmic intensity scale) and orientational correla-
tions G˜m(x˜, y˜) (right column) for spherocylinders of aspheric-
ity α = 4 (top row), and crosses with aspect ratio β = 0.25,
0.5, and 1 (2nd, 3rd, and 4th rows) at packings φ ≈ φJ near
their respective jamming transitions. We show the nematic
ordering G˜2(x˜, y˜) for all but the β = 1 cross, for which we
show the tetratic G˜4(x˜, y˜). The (x˜, y˜) coordinate system is
defined locally for each particle, with the x˜ axis taken along
the direction of the long arm.
convex shape allows the particles to slide over each other
as they shear, allowing greater freedom of motion. For
the β = 0.25 crosses, g˜(x˜, y˜) indicates a local structure of
parallel but interlocking neighboring particles, with the
short arms blocking such sliding motions, but being too
small to exert sizable torques.
In contrast, the crosses with larger β show a more com-
plex pattern of neighbor orientations, oscillating between
aligned and anti-aligned as one rotates around the par-
ticle. As β, and hence Aenv/A, increases, it becomes
harder to make dense packings in which particles are
aligned, a conclusion consistent with the results of Fig. 7.
D. Long Distance Correlations
Finally we consider the long distance correlations in
the system. For circular particles there is no long range
translational order in the system. For non-circular par-
ticles, in which there is orientational ordering, it is in-
teresting to see if anything is different. To investigate
this we consider the pair correlation function, defined as
usual,
g(r) =
L2
N
〈
1
N
∑
i 6=j
δ(r− rj + ri)
〉
. (25)
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FIG. 10. Pair correlation function g(x′, y′) for spherocylinders
with asphericity α = 4 (top row) and crosses of aspect ratio
β = 0.25, 0.5 and 1 (2nd, 3rd, and 4th rows). Left hand
column is g(x′, 0), right hand column is g(0, y′). For each
shape we show results at three values of the packing φ: below
φJ , roughly at φJ , and above φJ . The axis x
′ lies in the
direction of the nematic director (tetratic director for β = 1).
Symbols are shown on every fifth data point.
Because the system is sheared, correlations need not be
isotropic. So rather than showing a radially averaged
g(r), we instead consider g(r) in two orthogonal direc-
tions. We define the x′ axis to be oriented along the
nematic director at angle θ2 with respect to the flow
direction (or at angle θ4 along the tetratic director for
β = 1 crosses), and y′ as the orthogonal direction. In
Fig. 10 we then plot g(x′, 0) (left column) and g(0, y′)
(right column) for spherocylinders with α = 4 (top row)
and crosses of β = 0.25, 0.5 and 1 (2nd, 3rd and 4th
rows). For each case we show results at three different
packings φ, one below φJ , one roughly at φJ and one
above φJ . In all cases we see a rapid decay to the large
distance limit g(∞) = 1. Thus, as with circular particles,
there is no long range translational order, and the length
scale of the decay does not seem to vary appreciably with
φ.
Next we consider the correlations of the orientational
order. Defining this correlation function as,
Gm(r) = 〈cos(m[θj − θi])〉 − S2m, (26)
for particle j at position r = rj−ri with respect to parti-
cle i, in Fig. 11 we plot the nematic correlation G2(x
′, 0)
(left column) and G2(0, y
′) (right column) for sphero-
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FIG. 11. Nematic correlation function G2(x
′, y′) for sphe-
rocylinders with asphericity α = 4 (top row) and crosses of
aspect ratio β = 0.25 and 0.5 (2nd and 3rd rows); tetratic
correlation G4(x
′, y′) for β = 1 (4th row). Left hand column
is G2,4(x
′, 0), right hand column is G2,4(0, y′). For each shape
we show results at three values of the packing φ: below φJ ,
roughly at φJ , and above φJ . The axis x
′ lies in the direction
of the nematic director (tetratic director for β = 1). Symbols
are shown on every fifth data point.
cylinders with α = 4 (top row) and crosses of β = 0.25
and 0.5 (2nd, 3rd rows); for crosses with β = 1 we plot
the tetratic G4 (4th row). For each case we show results
at three different packings φ, one below φJ , one roughly
at φJ and one above φJ . In all cases we see a rapid
decay to the large distance limit Gm(∞) = 0, and little
dependence of the decay length on φ. The only exception
is for the transverse correlation G2(0, y
′) for the sphero-
cylinders, where we see a noticeable increase in the decay
length as φ increases to jamming, but this length never-
theless remains finite. We thus conclude that there are
no long range orientational correlations in the system,
and we infer that it is the shearing that acts like a finite
ordering field for the orientational order, rather than the
orientational order being the result of a many particle
collective behavior. We found similar results previously
for staples [4].
VI. CONCLUSIONS
We have considered the shear-driven flow of athermal,
frictionless, non-convex cross-shaped particles of varying
aspect ratios in uniform steady-state, focusing on the ro-
tational motion of the particles and orientational order-
ing. We have compared our results with our prior re-
sults from convex spherocylinders and non-convex staple-
shaped particles. Comparing particles of different shape,
we find the novel result that the jamming transition φJ
seems to scale roughly linearly with the ratio of the par-
ticle’s area to the area of the particle’s convex envelope,
A/Aenv.
Considering rotational motion, we find that the par-
ticle angular velocity and the orientational ordering de-
pend sensitively on the shape of the particle. For con-
vex spherocylinders we find that the scaled average an-
gular velocity −〈θ˙i〉/γ˙ always initially decreases as the
particle density is increased from the isolated particle
limit; collisions tend to slow rotation. However upon fur-
ther increasing the packing φ, −〈θ˙i〉/γ˙ reaches a finite
minimum and then increases as the jamming transition
is approached. This is true for spherocylinders of any
asphericity α [5]. In contrast, for strongly non-convex
crosses we find that −〈θ˙i〉/γ˙ increases as the particle
density is increased from the isolated particle limit; colli-
sions tend to increase rotation. Upon further increasing
φ, −〈θ˙i〉/γ˙ reaches a finite maximum and then decreases
as the jamming transition is approached. For staples we
find that −〈θ˙i〉/γ˙ increases, then plateaus, then increases
again as φ increases.
The magnitude of the nematic order parameter S2 is
in general similarly non-monotonic in the packing φ, and
appears to be anti-correlated with the angular velocity.
When −〈θ˙i〉/γ˙ is large, S2 is small, and vice versa. An
interesting exception is the case of the β = 1 cross which
has 4-fold rotational symmetry and so, when in isolation,
rotates with a uniform −〈θ˙i〉/γ˙ = 1/2, just as would a
circular particle; the isolated particle shows no orienta-
tional ordering. In this case we find that the interaction
between particles at finite density leads to a small but
finite tetratic ordering S4, and that that −〈θ˙i〉/γ˙ and
the tetratic order S4 are positively correlated; as φ in-
creases, both quantities increase, reach a maximum, then
decreases. In the intermediate φ region, −〈θ˙i〉/γ˙ > 1/2
is larger than the angular velocity of the affinely sheared
host medium.
Our results clearly illustrate that particle shape, and in
particular the degree of non-convexity, can lead to qual-
itative differences in the rotational motion and orienta-
tional ordering of non-spherical particles in a uniform
shear driven flow.
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